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We extend some results of Giroux and Rahman (Trans. Amer. Math. Soc. 193
(1974), 67-98) for Bernstein-type inequalities on the unit circle for polynomials
with a prescribed zero at z =1 to those for rational functions. These results improve
the Bernstein-type inequalities for rational functions. The sharpness of these
inequalities is also established. Our approach makes use of the Malmquist—Walsh
system of orthogonal rational functions on the unit circle associated with the
Lebesgue measure.  © 1998 Academic Press
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1. INTRODUCTION

The classical Bernstein inequalities relate the norm of a polynomial to
that of its derivative. Let | f] :=max,_, | f(z)|, the sup-norm on the unit
disk. One basic result is as follows: If P,(z) is a polynomial of degree n
such that | P, || =1 then

[P, <n, (1.1)

and the equality holds only for P,(z)=A1z", |A|=1. Noting that these
extremal polynomials (that is, polynomials such that the equality holds in
(1.1)) have all zeros at the origin, Erdds conjectured and later Lax [L]
verified that if |P,|| =1 and P,(z)#0 in |z| <1 then (1.1) can be replaced
by

n
Pl<=, 1.2
120 <3 (12)

and the equality holds if all the zeros of P,(z) lie on |z| = 1. R. P. Boas, Jr.
asked (see [GR]) what can be said about || P, || if we assume P, (z) have
476
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precisely k zeros in |z| > 1 instead of all the zeros as Erdés did. The sharp
inequality for such polynomials has at present not been found. The first
step toward a solution was taken by Giroux and Rahman [ GR]. Among
other things, they proved in that paper that if | P, || =1 and P,(1) =0, then

C
HP;H<n—;, (1.3)

and the inequality is sharp in the sense that there exists a polynomial p,(z)
such that ||p,||=1, p,(1)=0, and

¢
lpnll>n——, (14)
n

where ¢>0 and C>0 are constants not depending on n. The latest
development of further results along this line can be found in the papers
[FRS, OW].

For rational functions with prescribed poles, sharp Bernstein-type
inequalities have been established recently in [ BE, LMR]. (We remark
that Bernstein-type inequalities for rational functions have appeared in the
study of rational approximation problems; for references see [ PP]. These
inequalities contain some constants which are not optimal.) In particular,
the rational function versions analogous to inequalities (1.1) and (1.2) are
proved. This naturally leads us to the question of Boas for rational func-
tions instead of polynomials; more precisely, we want to find a rational
function version of (1.3). The main result of this paper is an extension of
(1.3) to rational functions.

This paper is organized as follows. We introduce the notations in
Section 2, state our main results in Section 3. In Section 4 we collect and
establish some useful auxiliary results, and in Sections 5 and 6 we prove
our main results.

2. NOTATIONS

Let D_={zeC||z|<1}, D, ={zeC||z|>1} and T:={zeC||z|=1}.
For a,€C, j=1,2, ..., let w(z) =[T"_, (1—%z),

Z—O(,j

k
By(z)=1 and  Bi(z)=[] L k=1,2,..,n
0 k i1 l -z
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Define the space of rational functions with poles among 1/a;,

/oy, ..., 1/, , as
<%},

where 2, denotes the set of polynomials of degree at most n. Let o :=0
and define the Malmquist-Walsh system (cf. [D, W])

p(2)
w(z)

‘%n :z‘%n(als Koy eens (Xn) :{

1— 2\1/2
or(z) =T T2 0 L2

Z— 0y

Note that ¢y(z)=1 and ¢, €, for k=0, 1,2, .., n. It is known that (cf.
[D, W]) if ;eD_, j=1,2,..,n, then {¢,}%_, forms an orthonormal
basis for %, that is, {¢,}%_, =%, and

1 2n . .
Efo 0r(2) 9 (D) d0=0,,  z=e" k, j=0,1,..,n  (21)

From now on, in this paper, we will always assume a; €D _ for
j=1,2, .., n So, the poles of rational functions in %, are all outside of the
unit circle T.

Let S,(z,{) =>"%_o @x(2) i ({). Then S, (z, {) is the reproducing kernel
of #,, that is, with { = e,

r(z)=21—7Z f:ﬂ HO) S, (5 0)d)  for every red,. (2.2)

For re 4,, the following Bernstein inequality has been proved (cf. [ BE,
LMR]): If ||| =1 then

[r'(z)| <|B,(z)] for zeT. (2.3)

Furthermore, it is shown that the equality holds only if #(z) = AB,(z) for
some AeT.

Note that B,(z) has all its zeros in D _. Thus, if we put some restrictions
on the location of the zeros of r e #,, then it may be possible to improve
the inequality (2.3). We will show that this is indeed the case: the inequality
(2.3) can be strengthened as in the case for polynomials (cf. (1.3)).
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3. MAIN RESULTS

Let a€[0, 1]. Following Giroux and Rahman [ GR], we define a subset
of %, by

74

n,a:

={re%,| min |r(z)| <a}.
zeT

Thus, %, , denotes the subset of all rational functions in %, that have at
least one zero on T.

Denote m=m,,:=min, .y |B),(z)] and M =M, :=|B,,|. Then, from the
properties of Blaschke product B, (z), it can be verified that (cf. Eq. (4.2) in
Section 4)

i 1 — oyl
j7

el W [

1+| |
1— oyl

<Km<M< Z (3.1)

Later (see (4.4)), we will see that

m<n<M.

THEOREM 3.1.  Assume re A, , and ||r|| =1. Then

|r’(z)|<|B’,,(z)|—(i;AZ) {Z(l—a)—sinj’:”l(l—a)}, zeT. (32)

Note that, by taking « =1, we obtain the Bernstein inequality (2.3) from
(3.2) in Theorem 3.1. As an immediate consequence of Theorem 3.1, using
the inequality x —sin x> x?/8 for 0 <x <1 and taking a =0, we infer the
following corollary.

COROLLARY 3.2. Assume re A, o and |r,| =1. Then

m3

< IBy () — gy 2T

In the case when o;=0 (j =1, 2, ..., n), %, becomes #, and B, (z) = z". So,
m=M=n and Theorem 3.1 reduces to the polynomial inequality (1.3)
established by Giroux and Rahman [ GR, Theorem 1].

By constructing a near optimal solution, we can verify the sharpness of
Theorem 3.1 in the case when liminf,_, ., m/M > 0. This is given by the
following result.
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THEOREM 3.3. Assume m=>=2 and n>=3. Then there exists an absolute
constant C>0 such that

max max (1) = B,(2)) >~ (1=a)

el =1

E\G

Since «; € D _, the first inequality in (3.1) implies
>3 Z (1= 1oyl)

Hence, Theorem 3.3 has the following consequence. (Compare this with
inequality (1.4) for polynomials.)

CoroLLARY 3.4. If 37 (1 —|a;|) =4 and n>=3, then there exists an
absolute constant C >0 such that

(1—a).

§\Q

max max (|7 (2)| = |By(2)]) =

We remark that when we consider approximation by rational functions
with prescribed poles at {o,} ?°_, we are more interested in the case when

Y (I=loy]) = oo, (3.3)
k=1

since (3.3) is the necessary and sufficient condition for ()2, %, to be dense
in the Hardy space on the unit disk, H,, for p> 1, see, e.g., [A]. So, when
(3.3) holds, the assumptions in Corollary 3.4 are satisfied if » is large
enough.

4. LEMMAS

The main ideas of our proofs are taken from those of Giroux and
Rahman’s paper [ GR] and Rahman and Stenger’s paper [ RS] (see also
the book of Turan [T, Chapter 5 and Appendix A]). In order to carry out
those ideas to the new situation, we have to develop some auxiliary results
for rational functions.

First, note that the following identity follows from the general Darboux—
Christoffel formula for orthogonal rational functions [ D], although it can
be verified directly.
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LemmA 4.1, Let {@i}7_o and B, be defined as in Section 2. Then

n 1_
S o) o0 =B DB g VBT forall = tec
k=0 11—z

As a consequence of Lemma 4.1 and the fact that ¢,(z) =1, it follows
easily that

S 0u(2) pe(0) = £ =B Bal). (4.1)
k=1 11—z

LEmMA 4.2. For zeT, there holds

1 r2=
5

Proof. By (4.1), using (2.1), we have (with { =e")

2

IEBE RO g ), (=)

1—zC

1 27 [1=B,2) B, , 1 (7| — 7
ﬂfo Tl dﬁ—gfo kgl Pi(2) 9 (0)| dO

n n 1_|O(k|2
=Y o)=Y —5.
kgl g kgl |Z_<xk|2

It is straightforward to verify that, for ze T,

mol—lagl® zB(z) .
ko= =|B,(z)|. (4.2)
Zlz—wl? T B,(2)

Now, the lemma follows. |
Note that, when |a| <1,

1 fZ" 1 —|af?

27 o |z — a|?

do=1 (z=¢").

So, we have, by using (4.2),

1 2 ’ i0
znj IB()|do=n  (z=2e").

0

From this, it follows that

1 2n
m=min |B'(z)| S*J |B'(z)
zeT 27[ 0

| dd=n<max |B'(z)|=M. (44)

zeT
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The following integral representation formula is simple and very useful.
It is a generalization of an integral representation for polynomials used in
the proof of Theorem 1 in Giroux and Rahman [ GR, p 88, line 5].

LemMA 4.3. For zeT and re 4,,

=2;J:"r@)E{l_l”“”lhOQ}zda L=  (45)

1—2z¢

r'(z)

Proof. On differentiating both sides of the Eq. (2.2) with respect to z we
obtain

| 20
rkh%eragmow

Now, using Lemma 4.1 and relation (4.2) and writing

PR Bl

k=1 |Z_O(k|2 ’

we have, for zeT and (e T,

J (=20 B, (2) B,() + (1 =B,(2) B.(0)){ | .,
ésn(za C)_ (I_ZC—)Z +Bn(z) Bn(C)
_—a —2{) 7B, () BB, () + (1 = B,(2) Bn(C))C__i_BZ(Z
(1-z20)? B, (¢

where P(¢):=1+(1—-2&) f—B,(z2)/B,(&). For zeT, it is easy to see that
P(z)=P'(z) =0. Also, note that the poles of P(&) are {o;}%_;, SO

(€2 ¢, (&)

i1 (€ —oy)

P(&)= for ¢, 1€Z,_,.



BERNSTEIN INEQUALITIES 483

Thus, for zeT and (€T,

2 (=B B . B auid) By
azS"(Z’C)_C{ 1= }+Bn<c>nz=l<éak>+3n<é>
= Ky (O + Ka(O) + Ka(0).

Note that, for 0<k<n, ¢, ({)K,({) is a rational function whose
numerator and denominator are each of degree 2n — k + 1, and whose poles
are all in D _ (in fact, these poles are located at {o}} _, with proper multi-
plicities). So, on applying Cauchy’s theorem (to D, U {o0}) we have

2n
J, o0 Ka(0) do=0.

Similarly, we have

27
[, oxO) Ky do=0.

Therefore, for ze T,

2n 0 2n )
[ o0 5 S,z 0d0=] gD Ki(©d0 (C=e)
0 z 0

for k=0, 1, .., n. Since {@,}7_, is a base of #,, so, for ze T and re %,

2 a 2n
[, O 5 Suz 0 do= " HO) Ki(0) do.
0 z 0

which implies (4.5). |1

The next lemma gives us a local estimate of rational functions in #,. We
recall that M := | B, |.

LemMA 4.4. If reR,, |r(e™)| =a for some Y, €[0,2n] and ac[0, 1],
and ||r| =1, then

) 1+a 1—a
|V(€’lg)|<T Jor |9_¢0|<7-

Proof. Without loss of generality, we assume ,=0. We follow the
argument in [ GR, Lemma 3]. Assume first that r has no zero in D_ and
write

r(e"g)—r(l)zfl ¥(2) de,
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where the integration is on the line segment from 1 to e”. So

()| <a+|r| le”—1=a+2 ||

sinQ
ik

Now, by [ LMR, Theorem 3], since r has no zero in D _,

\B’(Z)H
I <—5—Ir H—*
Thus,
. .0 0
lr(e™)| <a+ sm2‘M<a+|2|M.
Hence, if |0| < (1 —a)/M,
1— l+a
0 < 7M—
) <at e M=—=.

which proves the lemma when r has no zero in D_.

The case when r has zero in D_ can be proved by considering r(z) b(z)
where b(z) is the Blaschke product whose poles are at those zeros of r that
arein D_. ||

Lemma 4.5. For zeT and 0, <8, with |0, —0,| <2n/M, we have
I
0

Proof. Let 0,€[0,2n) be chosen so that B, (e?)= 1. Define

1 _Bn(z) Bn(eig) 2

l—ze ¥

do >

1{m@5—00 . mW2—90}'

M 2 — Sin )

0
M:Mm%w for all real 6. (4.6)

9

Then, dy(0)/d0 = |B.,(¢?)| € [m, M] for al real 0. This and the mean value
theorem imply

2(05) —y(0;) < M(0,—0,) (4.7)
and

7(0,) —y(0,) =m(0,—0,). (4.8)
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Since B, (e?)=e"% =1 and, by (4.2) and a direct computation,

d e
40 B,(?) orat®

we have
B, (") =" (4.9)

for all real 0. Using this representation of B,(e”) in terms of y(0), with
J:=1[0,,0,] and z=e"Y, we can write

)

2

1 _Bn(ei‘//) Bn(eie) 40

1 . .
> [ 11— B,(e") B, ()2 0

1 : 1
= | 11—e O R dp = [ 201 —cos((0) —p4) ] O

1
> 507 | [=cos(r(0) () d(0)

1 <y(01) ALY
2

~ 537 {71021 =7(61) 2 cos MO

—5t) ) sin %212

From (4.7) and the assumption that 6,—0,<2z/M, we find
sin[ (y(6,) —9(0,))/2]1 =0, and so the expression in the curly brackets is
greater than

7(0) —y(ﬁl)‘

2(0,) —p(0;) —2 sin 3

Using (4.8) and the fact that x — 2 sin x/2 is an increasing function of x, we
obtain

2(05) —7(6,) —2 sin 1(03) —9(0,)

Therefore

"
01

This completes the proof. |

1 _Bn(Z) Bn(eie)

—i6

1—ze

2 1 {m(@z—ﬁl) . m(gz—el)}
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We will need the following properties of the Blaschke product in the
proof of Theorem 3.3 in Section 6. Recall that m =min, g |B,(2)|.

LEMMA 4.6. Assume that m>=2 and (€T. Then
(1) there exist 04, 0,, .., 08,,
—n<0,<0,< - <0,<m,

such that B,(e"%)=B,({) with { =e" for some je{l,2, ..,n};
(ii) with 0, ,:=0,+2n, we have |0,,,—0,| <m, [=1,2, .., m
(ii1) for y defined as in (4.6) and for j in (i),

20k) —9(0;) =2(k — j)m, k=12, .. n (4.10)
Proof. Note that, by the definition of y(0) and (4.4), y(0) is strictly
increasing on [ —z, 7] and y(n)—yp(—=n)=2nzn. Using the intermediate
value theorem, we can find » values of € such that
—n<0,<l,< - <lO,<m
and, with { =¢" for some je {1, 2, .., n},
Y0 =7(0;)+2(k—j)n, k=1,2,.,n
Note that

2n=9(0;41) —y(0;) =y"(01)(0, 11— 0))
=m(0;41—0,)=2(0,.,—0,)).

For #,,0,,..,0, chosen above, the conclusions of the lemmas are
satisfied. ||

The following elementary statement is also needed in our proof of
Theorem 3.3 (for comparison, see relation (A.1.1.) and (A.1.2) in [ T]).

Lemma 4.7. Let

1
(sin x)> x>’ x#0
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Then f is continuous (for all x#kn, k= +1, +£2,..), even, and increasing

for (0, ].

Furthermore

min  f(x)=1.
x#kn
k=41, +2,..

The graph of the function is shown in Figs. 4.1 and 4.2. A proof of this

lemma can be obtained by using series representation and properties of
alternating series.

5. PROOF OF THEOREM 3.1

Assume r(e™0) =min, _y |r(z)| =a and |r| =1. By Lemmas 4.3 and 4.4,
with J:={0: 10 —yo| < (1 —a)/M} and J' :=[yo—7, Yo+ n]\J, we have

\;?f, 1_f,le??0(ef0)2d0+;zjjlza 1_?’fzi’;(em)2d0
e B | [
~ 1B~ I 1113_(2{39(66) o

Here in the last equality, we have used Lemma 4.2. Now, using Lemma 4.5
for [0, 0,]1=J, we get

1—B,(z) B,(e")

—i0

2 1 (m .om
de?M{M (1 —a)—smM(l—a)}

La—wsu—aw ‘ 1 —ze

Using this in the previous inequality, we obtain

1— )
¥ (2)| < |BL(2)] —4nﬂj {Z (1 —a)—sin ;”7 (1 —a)},

which is the desired result. ||
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6. PROOF OF THEOREM 3.3

This proof is based on the construction of a rational function ¢, €%, ,
so that an upper bound of |z, (z)| —|B,(z)| can be calculated at certain
points. We begin by constructing r,eR,, for which we have
|r.(z0)] < C/m at some z, €T for some absolute constant C> 0. Using r,
we construct 7, € %, , and show that |1, (z)| —|B,(z)| = —(C/m)(1 —a).

Let { e T satisfy |B,,({)| =M, and let

Then C, € %,, C, () =B,({), and

1
|Cn(Z)|=m

[ Bt de| <max 13,00~
¢ ceT

for ze T, where the path of integration is taken along the chord from { to
z. Thus,

[w(e?)|? (M2 —1C,(e”)]?)
is a non-negative real trigonometric polynomial (in 0) of degree at most 7.

By a theorem of Fejér (see, for example [S, Theorem 1.2.27]), there exists
a unique algebraic polynomial p(z) of degree at most n such that

(i) [p(2)2=w(z)* (M?—|C,(2)*), zeT,

(i) p(0)>0,
(1) p(z)#0forall zeD_.
Define
_ p2)
ra(2) C Mw(z)

Then r,(2) €A, o(|r,(O)1*>=1—1C,({)|?/M?*=0). Since r,(z)#0 for
zeD_, r,(0)>0, and |r,(z)| <1 for ze T, we can use a representation for

— n

H_, functions to write (cf. [Du]) or directly verify that

1 (27 ez .
r,(z) =exp {471 L R log |r,(e?)|? dﬁ}
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forzeD_. So

i0

1 2= .
nE =) o [ e (Pl (1)

for ze D _. Next, we show that (6.1) holds for some suitably chosen points
on T. Note that
_ |Cn(ei9)|2 _ |Bn(ei9)_Bn(C)|2

|rn(ei9)|2:1 TZI M2|ei9_C|2 . (62)

It can be verified that
lr,(e?)] =1 if and only if B,(e”)=B,({) and ¢” #(.
Applying Lemma 4.6, there exist
—n<0,<0,< - <O, <7
such that B, (e %)= B, ({) with { = e for some j. It then follows that
log |r,(e”)]*  (<0)

has a zero of even multiplicity at each 0=0, (k#j). Let us fix
ke{l,2,..,n}\{j}; then

i6
iy |2
(e — o2 log [r,(e®)]
is continuous at 6§ =0,. Hence, we can find an ¢ >0 small enough so that
the function

0
(@ — ue)? log |r,(e")|?
is bounded for all (0, u)e [0, —¢, 0, +¢] %[0, 1]. Therefore, we can take
z=ue'% and let u— 1~ in (6.1) to obtain the formula z = ™ by using the
bounded convergence theorem. This establishes the validity of (6.1) at
z=e"%,
Now, we estimate |r),(e”%)| by (6.1). Let

4™

2n
P - i6y|2
1._[0 gy 108 Ira ()7 .

We next show that the integral 7 is of order 1/m as n— oo, where
m=m,=min,_y |B,(z)| as defined in Section 3.
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On using (6.2) and writing B, (e?) = e?? as in the proof of Lemma 4.5,
we derive!

e sin(3(0) — (0,))/2?
1=, ooy e {1 - (hrmaaon ) | 69

Note that, for simplicity of notation, we write sin ¢/2 instead of sin(¢/2).
Let 6 €(0, 7) be some positive constant to be determined (indeed, we will
show ¢ =7/6 is a valid choice), and for 0, as above (that is, { =e"%) define

o Sin(3(0) = 7(0,))/2\2] !
5 "Lj_,z log{1< M sin(0—0,))2 > } v

I, =

sin(p(0) —(0,)/2\*] ™"
j'”*%@W log{ _< M sin(0—0,)/2 > } @0. (64)

Then, it is easy to see that
1| <1, /sin*(6/2) + 1, . (6.5)
To estimate /;, we use a method in the book of Turan who attributes it

to Rahman and Stenger (see [T, p. 52]). For this purpose, we need
Lemma 4.7. From this lemma, we have

(sinx)®> x>~ n? or S35
and
1 1 _1
>
Gnx)? 203 for all x.

Thus, since M >m =2 > 3(1 —4/n?),

1 1
[sin(y(0+0;) — 7(0,))21*  [(»(0+0,)—(0,))/21
11 < 4> 1 { 1 1 }
>o>—(1-2)>—{— -
37 M )7 M |(sin 0/2)®> (6/2)*

! The truth of equation (6.3) is the main reason that we use the integral representation (6.1)
instead of (4.5).
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for |0] <=. Hence

1 1
[sin(y(0 +6;) —»(0,)/21*  [(p(0+0,)—(0,))/2]?
1 1 1
Z—— — .
M |(sin 6/2)*> (0)2)*
Now, using the method of Rahman and Stenger as described in [ T],

together with the fact that [y(0+0,)—y(0,)| < M|0|, we can infer the
inequality

. <sin(y(9 +0,) — y(ﬁj))/2>2
M sin 0/2

(=3 - e ) ¢
So

ocne[wn{(1- ) - (aesmsoay]

1 [y(z+6) —7(6))1/2 i 2 d
:2n1og<1>2jy ne 10g{1<sma>} &
M [ —m+6) —9(6)1/2 a y'(0+0;)
4 2 oo i 2 1
<—”f—j log{l<sma> }doc=0<>.
M mt_, o m

Here, in the last inequality, we have used the fact that

—log(l —x)<2x if xe[0,1/2] (6.6)

with x=1/M for M >2. (In fact, M>=n>3 by the assumption of the
theorem.)

Next, we estimate [, defined in (6.4). By using (ii) in Lemma 4.6, we first
choose 6, such that

min( |0, — 0], 2nf|9kfej|)>g. (6.7)
Then, with || <7/6, we claim that
T |oa+ 0 —0)] 7
PSRl Y 6.8
6 2 76 (68)
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In fact, note that
T
[ oo+ 0, — 0] — 0, — 0;] | < |t] <5
so we have

T T
0= 0y 5 < I+ 0, =0, <106 — 0] + 2.

Hence, by using (6.7),

T T T T
—0.| < — 0. —< —_—t —= ——
loc+ 05 — 0] < |0 91|+6\27Z 2+6 2n 3 (6.9)
and
T T T T
|a+0k_0j|>|9k_9j|_g>§_g=§- (6.10)

Now, our claim (6.8) follows from (6.9) and (6.10).
Thus, when |a| <7/6, we have

(x+6k—6j
2

>sin

| =

sin

N

From now on, we will let 6 =7/6. With o =60 — 0, we can write I, as

_ sin(p(a+ 0,) — 7(0,))/2\* !
Iz_flalg,,/s sin” o2 log{1_< M sin(o+ 0, —0,)/2 ) } do

Then

# Sin(y(oc+9k)—y(9k))/2>2 -1
= SJ|zx|<7z/6 sin? a/2 log {1 _< M1 do

=D+ 1,

where I,, is the integral over n/(6 M) < || < 7/6, and I,, is the integral over
|| < m/(6M).
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Then, by |sin x| <1 and sin x > (2/7) x (0 <x < 7/2),

7[2 4 —1
I, < 10g< MZ> doc

n/6M < |o| < 7/6 a?

4 \"1/6M 6
=2ﬂ210g<1—w> (77,'_7Z>

Since M =n>3, so 4/M?<1/2, and (6.6) implies

4\"! 8
log 1_W SW

It then follows that

To estimate 7,,, we proceed as follows:

B 1 2sin(y(a+0,) = 7(0,))/2\*] 7
122 - J|a| <n/6M Sinz O(/2 lOg {1 < M da

2 0.)— (0 2y —1
gj nzlog{1_<y(a+k)y(k)> } do.
lof <m/6M X M

Using the mean value theorem, for some 6* between 6, and o + 6,, we can
write the last integral as

1% 2y —1 2
j —l { <(9)°‘> } do < % log(1—a?) ! da,
|| < m/6M a? M || < /6 M o?

by the fact that |y'(6*)| < M. Therefore,

1224 log(l—oc) o,
|ot|<7t/6MoC
T 7Z'
<2 — —log(l1—o?)~!
6M 2 a=mn/6M

5o 2] it} o)

Thus, I, < I, + I, = O(1/M).
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Now, we have established that, if 8, is chosen such that

min( |0, —0;], 2n— |0, —0,]) =

(SR

(Such k’s always exist according to Lemma 4.6 (ii)), then there exists an
absolute constant C >0 such that (cf. (6.5))

A C
()] <—.
m

Intuitively, we choose k such that e is furthest away from ¢*% among
e e, . en,
Let s,(z)=B,(z) r,(1/Z). Then for ze T we have

5u(2) = By, (2)r,(2) = B,(2) 2%7/,(2).

Hence

n

. . C
|5y (e")] = | By, (e")| —— (6.11)
m

and s, € #, . For ae[0, 1], define ¢, (z) =uaB,(z) + (1 —a) s,(z) for some
ueT to be chosen later. Then ¢, € %, , and

|£5,(e7%)] = |uaB,,(e%) + (1 —a) 5, (e"%)]

=a|B,(e”)| +(1—a)|s,(e"™)]

(by choosing a suitable 4 e T)

. C
> | B, (e")] — o, (1—a),

by (6.11). This completes our proof. ||

Remark. We proved Theorem 3.3 by constructing a rational function
which gave an upper bound of its derivative at specified points. Although
we could not show that this rational function is extremal, we believe that
it is pretty close to the extremal solution and the order of

(1—a) (m, . om,
7477.’M,, {%(l—a)—51n M,,(l_a)}

in (3.2) is optimal as n— co.
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